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- Sumrnary: 

i n  the areas of estimatiou and control for  s?/ste~:is with unknown 

paranieters. 

Eucy type f i l t e r s  with low sens i t i v i ty  t o  pararwtecr variations [ l ] ,  [ Z ] .  

This teclinique i s  believed t o  be of general significance i n  t h e  area of 

optitmm estir; iat . ion.  

and coi?-tr.ol on the other  hand,  i:re less gci:eral i n  nature ,  tiere, 

teciinicjues f o r  coi:ibined estiination and control were aJ3Jjl :'ed t o  specifi  c 

p r o b l  eiois [ 33 , [4] 
1ea.st squares estiinatioi? teechr-ii~jrrc reported i n  [GI and [7] 

extensions are r e l a t e d  t o  iiiiprovc:d estimat-ioii a n d  s i i y 1  if.ieil estimators, 

Resecrcii has cont-i nurx! -i n t.hi s e s t ?  mat-i 01: t e c i ~ n i  que iiiicl 3.t the prescnt 

tiiw9 soiiic intcrestii:g prel-i;;i-ii?c7~^?/ restil t s  arc avai'Ic?l.)le on iixproved 

esti imtes i n t k  preseince of  parameter unccrtaictfes 

rcsul t s  inay be Ci1)p.I i cirbl e t o  the con;bi nlcd e s t i m t - i  on arid coiltrol -tccihi:i que 

reported -in [ 8 ] ,  

T h i  s research has resul tecl in several techni ca.1 contributions 

A technique was devel oped f o r  d i  rcc t  synthesis of Kalmafi- 

Kesul ts  obtained in  the a rea  of  conib5ned es-tisiation 

I n  [ S] , extcnsi oils were macic to t ! ie  sequent-i a1 

These 

--I I nesc sc?r!ie 

k t a i  1 eii tcci;ili ca'l reports  ha,^? a1 b e z ; ~  submi - t k d  on rzscarcii 

vel c i ted to ~ 0 r : i h i  net1 est-ii-iati oi l  aiid coiitrol f:3] [4] and 017 oil\? aspec t  
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of the sequential estimation probl erii [5] (I 

considered in any de ta i l  herein. 

preliminary resu l t s  mentioned relat ing t o  sequential estimation. 

tlowever a detai 1 ed r epor t  will be forl:rarded when conclusive resul t s  

a re  available.  This should be before September, 1969. A detailed 

technical report re la t ing  t o  low sens i t i v i ty  Kalman-Gucy type f i l t e r s  

i s  in preparation and will be forwarded before August 1 ,  1969. 

Conclusive resu l t s  for  t h i s  work are already available,  and these a r e  

ou t l  i ned br i e f  1 y be 1 ow 

Therefore, these are n o t  

I t  i s  t o o  ear ly  t o  report  on the 

-- Discussion: 

f i l t e r s  pertain t o  the steady s t a t e  design of a f i l t e r  for  estimating 

the s t a t e  o f  a liriear t i iw i n v a r i a n t  system from noisy nieasrirenients 

o f  tile o u t p u t  when cer ta in  dynanii cal and/or s t a t i s t i c a l  parameters 

were only pa r t i a l ly  known. 

vector of unknown pal-aiiieters a - was coilstai-it, and coi:-fined to a hoiriided 

ciomaiti A. 

f o r  that value of 0,. - 

Results obtained in low sens i t i v i ty  Kalman-Bucy type 

I t  was assumed i t ;  t h i s  work tha t  t h e  

i f  - a were kiiowil one would simply build the Kalmn f i l t e r  

Tile major advantages o f  t h e  Ka1i;:at-i -Fi1 izr ,  

aside from i t s  opt-imality, ar-e t h a t  i t  i s  recursive and easily iniple- 

mented. 

in any optiiiial ly  inscnsi t-i vc f i  1 t e r .  

o f  o - a f i l t e r  ident ica l  i n  forin t o  th3. t  of til? Kaliiian f i l t e r  was 

selected ilo\d however the feedback a n d  fcecifoi-!izrci g a i n s  are 

adjusted in a manner t o  s a t i s f y  an appropriate s ens i t i v i ty  c r i t e r ion ,  

These adJu~titlr;”lci gzi l is ,  cI 

bou i~ded  cioma-i n E o f  suffi  c i en t  ratyc and clirr;ens.i 0!.;;,1 i ty t o  generc?te 

i t  i s  des.i rabl e tlicrefore t o  retani n t h e s e  l a t t e r  advantages 
- 
1 liiis, 1 a.cki n g  e x a c t  kt -10~1 edge 

u - L ~ c !  h c i ~  by t i ic \f(i.r:tv’i- p 3  - bz10i19 t o  6 



3 

the Kalman f i l t e r  f o r  every value 0-f - CU. E A. 

The t race of the estimation e r ror  covariance matrix was chosen as 

the measure of f i l t e r  e r ro r  performance. 

Kalman f i l t e r  minimizes the t race of this matrix. 

I t  i s  well known t h a t  the 

In general, th is  

e r ro r  measure i s  a function o f  both - a and - 6, and i s  denoted here by 

J(2,  3). 
Kalman f i l t e r  i s  J0 (a ) .  - 

For a given - a, the m i n i m u m  value o f  J ( a ,  - -  6) at ta ined by the 

Clearly 

Since - a i s  unknown and - B alone is  available f o r  selection by the designer, 

i t  seem most natural t o  view - a and - 6 as  adversaries i n  the game-theoretic 

sense. Nitii t h i s  in mind ,  three sens i t i v i ty  meastires and t h e i r  associated 

rules  of synthesi s seem appropriate They are  : 

S = niin max {J(E,  g )  - J 0 ( g ) i  
B s B  U , E A  

The S 

parameter s e t  - a. 

migh t  he interpreted as a "\dorst case" design, 

c r i  t e r i  a m i  n.imi ze t h e  niaxirwm &sol u t c  and re1 at.i vc deviation respectively 

of the f i  1 t e r  error  -Fi*om optiriiiiii) oV:?r the t inicnci: ,~;~ pa:,-arnc!tci- se t  - 0: 

the S2 and S 

desigil simply iiiinimizes the maximum value of J over the unknown 1 
This places an upper bound on t h e  estimat-ion e r ro r  a.nd 

The second and t h - i r d  

I 

I hus 

cr i tcr ic i  force the f i l t e r  error t o  t m c k  tiic optimtin er ror  3 
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within some toleratice over the en t i re  s e t  - 0: E A. 

procedures yield a fixed value of - B and therefore a fixed f i l t e r  design 

good fo r  a l l  values of  - a .  

I n  each case the  above 

The primary research e f f o r t  was directed toward the design of 

optimally insensi t ive f i l t e r s  in the presence o f  uncertain system and 

measurement noise s t a t i s t i c s .  

elements of the systeiii and measurement noise covariance matrices, Q 

and R respec-ti vcly , were unknown.  

t u t e  the vector - a. 

Specif ical ly ,  i t  was assumed tha t  

These unknown elements then cons t i  - 

I n  the case of the S, f i l t e r ,  several interest ing resu l t s  are 

available. F i r s t  and foremost i s  t h a t  

S = min liiax J ( w ,  - -  8) ' - B E U  ! & & . A  

= niax J o ( ~ )  
- . & A  

since by def ini t ion 

Thi s resul t i s criici a1 because i t rep1 aces the very di ff-i cul t mi n-max 

problem with a re la t ive ly  simple maximization of the optimal returns 

over a l l  UllkiiQl~Vil - 0: E A. 

The above result iniplics t h a t  the S .  f . i l ter  i s  unique, a highly 1 

desirable resu l te  I t  has a l s o  been showi! t h a t  3 ( C Y . )  i s  C Q I ~ C ~ . V ~  in A 

arid ha.s c o n t j  nuous f i r s t  deri v a t i  ves everyhere in A, 
o -  

- 
1 hus re1 a t i  vcly 
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straightforward maximizi rig algorithnis such as "s teepest  ascent" 

techniques will  y ie ld  the maximizing value o f  - CY,. 

then be computed froti1 - CY, yielding the SI f i l t e r .  

The vector - 6 may 

In ttie case of S2 and S3 f i l t e r s ,  equally grat i fying theoretical  

First o f  a1 1 ,  the S2 and S 3  f i l t e r s  a re  known re su l t s  a r e  avai lable .  

t o  be unique. 

yielding the min-max i s  actual ly  optimal fain a t  l e a s t  one - a E A. 

i s  in tu i t i ve ly  appealing and lends va l id i ty  t o  the empirical approach 

commonly used i n  pract ice .  Unfortunately, min-niax does not equal 

max-min f o r  ttie S2 and S3 f i l t e r s  and one is  thus forced to  solve the 

cornpl e t e  mi n-max probl em, I t  has been shown, however, tha t  ttie maximui-!i 

o f  S2 and S 3  i s  a t ta ined over a f i n i t e  set  of p o i n t s  i n  A called the 

extrerrie points o f  A, thereby great ly  reducing the search problem i n  

t h a t  doniain. Several interest ing and s ign i f icant  examples employing 

this technique are  vlorked o u t  in [ Z ] .  

Furthermore, i t  has been shown t h a t  the value of - 8 

This 

G r a n t  _____I_-_ Actj vi t i _I- es : 

co-princi pal i nvestiga-cors anci f i v e  gradua Le sttrdents. 1 hree o f  these 

studenis have received I'laster' s degrees anci d i d  thesi  s work re1 ated t o  

Ttii s grant has supported t\vo f acul t y  trleivbers the 
-_ 

ttie grai1-t research topic .  

Pt1.D. iiork, b u t  was drafted.  

ttiesi s now and siioul d he coinpl eted by Pehruary 1970 e 

graduatc s tudent ,  J .  A. U'Appolito, i s  a P h * l ) ~  candidate and will  

coinpl e te t l i e  degree *reqcri rerients by Sep Lember, 1969 

One o f  these i v o ~ l d  h a w  coiitiiiued on f o r  

A fourth student i s  doing his Fhster's 

The %-i f t h  

Otic pub1 i c a t i on  has a1 ready t-esul t e d  froa the c~rant,  rcscarch 

(referelice [! 1) and i t i s  expected i l i a  t several others wi l l  be 
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fortlicom-ing, especial ly  from the work in [Z], and also froiii the current 

work in sequential estimation. 

This g r a n t  has stimulated tile graduate research program a t  the 

University of 14assachusetts and led t o  several s ign i f icant  resu l t s .  

3 

Professor' o f  Electrical  Eiiginecritig 

Char1 e s E .  Hutchinson  
Co-Princi pal Invcstigator a.nd 
Professor o f  Electrical  Enginwring 
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